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Abstract

International copyright harmonization has been pursued without its theoretical foundation being
questioned. This paper investigates one possible foundation for such harmonization and asks whether
national governments pursuing national self-interests are naturally inclined to choose a uniform term of
copyright protection. By developing and analyzing a model of two nations, each with an open creative
industry, trading information goods with the other, and setting copyright policy to maximize its national
welfare, while taking the other’s copyright policy as given. It is found that such nationally self-interested
governments generally would choose different terms of copyright protection based on their different
creative technologies or different levels of demand for information goods. The foundation for uniform

international copyright policy is not a non-cooperative competitive regime.

Introduction

Copyright is the legal underpinning of the increasingly global information economy advanced by digital
technologies. It has almost been taken for granted that different nations should have the same copyright
protection for information goods. The European Union (EU) has been very active in copyright
harmonization and has adopted numerous directives in the area. In justifying the copyright term extension
proposed in the U.S. Senate bill S. 483, which later became the U.S. 1998 Sonny Bono Copyright Term
Extension Act, the U.S. Senate Report accompanying that bill cited the need to “harmonize” U.S.
copyright term with the longer copyright term in EU as a reason for the proposed extension (Senate
Report, 1996). Since the bill was enacted into law in 1998, many countries have followed the U.S. to

extend their copyright duration to match that of the U.S.

There could be multiple justifications for a uniform international copyright system. This paper
investigates perhaps the most fundamental possible theoretical basis of uniform international copyright
policy: whether competitive nationally self-interested governments are naturally inclined to adopt uniform

copyright policy. We model two countries trading information goods. Each country has a sector of



creative industry and consumers of information products. Each country sets its copyright law to maximize
the total surplus of its creators and consumers, given the other country’s law as given. We analyze the

model to see if copyright durations of the two countries be the same.

The model extends current copyright models to a two-economy trading setting. Extant models, e.g.,
Landes & Posner (1989) and Yuan (2005), assume a single and closed information economy. The model
also differs from the conventional trade models of general goods and services because of the unique cost
structure of information goods and the need for a copyright policy variable in the model. The model will
be analyzed numerically so that it can be more realistic by reflecting several aspects of the international
copyright system, such as allowing an open creative section in each country, international trade in

information goods, and national policy making for national self-interest.

The main result of the paper is that different competitive nations do not naturally tend to adopt a uniform
copyright policy. In particular, a country with larger demand for information goods may be inclined to
adopt longer copyright protection to induce larger global creative industries. A country with a smaller
demand for information goods may choose to free ride on the creative industries induced by the other and
adopt a minimal copyright protection policy. The result differs from that of a single country model, where
copyright duration decreases with level of demand for information goods. The result means that a uniform
international copyright policy is not based on a non-cooperative competitive regime. The model for a

uniform international copyright policy needs to be found elsewhere.

The rest of paper proceeds as follows. The next section develops the two-country trading model. Section 3
simulates the model and presents the results. The paper ends with a brief concluding remark. Some

mathematical details leading to the numerical solution are provided in the appendix.

The Model

We model a two country international information economy. In each country, there are creators and
consumers of information goods. A creator of a country develops original information products and sells
copies of its products to consumers of this and the other country. Creators of one country may face
different technological and other business/regulatory environment, therefore, may have different creative
cost from the creators of the other country. The two information economies may also differ in their
consumers’ demand for information goods. The reproduction cost of information goods will be assumed

the same across countries to reflect the unique creative cost of information goods.



Each country maximizes its own “national interest” and sets its copyright law to maximize its total
surplus of its creators and consumers, taking the copyright law of the other country as given. The law
adopted by a country applies to both domestic products and foreign products on the market of the country
and is assumed to be enforceable within the border of the country separately from the law of the other

country.

The key policy parameter modeled will be the duration of copyright. Duration is a key variable in a
copyright system and it may be interpreted more generally as the strength of copyright. Other aspects of

copyright will be assumed fixed and uniform across the two countries.

The model will use the following notations:

iy: index of creators of country 1;

i: index of creators of country 2;

n;: number of creators of country 1;

n,: number of creators of country 2;

syi: size of creator i of country 1;

Syi: size of creator i of country 2;

S: total number of first copy products S=n,;*s;+n,*s,.

cii(sy;): creative cost of creator i of country 1;

Cyi(Sy;): creative cost of creator i of country 2;

b: per copy reproduction cost of creators of both country 1 and 2;

pii: price per copy of products of creator i of country 1 ;

pai: price per copy of products of creator i of country 2;

T,: copyright duration of country 1;

T,: copyright duration of country 2;

Dy1i(S1i» S144» S2is P1is P11 P2is t): demand for products of creator i of country 1 in country 1;
Di2i(s1is S14» S2is P1is P1-1» P2i> t): demand for products of creator i of country 1 in country 2;
Da1i(Stis 2.4 S2is P1is P2-is P2i» £): demand for products of creator i of country 2 in country 1;
Doi(S1is 824> S2is P1is P2-is P2i> t): demand for products of creator i of country 2 in country 2;
cs;: consumer surplus of country 1;

cs,: consumer surplus of country 2;

w: total consumer surplus, w=cs;+cs,.

The prices of products of a creator on the domestic and foreign markets are assumed to be the same to
avoid the possibility of arbitrage when the products are under copyright protection on both markets. Such
arbitrage would be especially easy in the increasingly global digital information economy. When the
copyright of a product in a country has expired but has not expired in the other country, an effective

importation ban will be assumed.

Profit of creator i of country 1 is:
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Profit of creator i of country 2 is:
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A creator chooses price and number of information products to create to maximize profit. The first-order

conditions are:
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A creator also decides whether to enter or stay on the market. The marginal creator makes zero profits. If

all creators in a country have the same technology, they will all make zero profit. That is:

T[li:O
ﬂzl‘:O

The consumer surplus of country 1 can then be written as:
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The consumer surplus of country 2 is:
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When all creators in a country are assumed to have the same technology, they all make zero profit and

social welfare is the same as consumer surplus.

Country 1’s problem is to set duration T, to maximize its social welfare cs;:

dcs,

=0 (11)

given that (3)-(8) hold and duration T, is as set by country 2.

Similarly, country 2’s problem to set duration T, to maximize its social welfare cs,:

dcs;

dr, (12)

Given that (3)-(8) hold and T is as set by country 1.

Simulation Results
Solving the above model requires specific forms for the demand and cost functions. Assume the

following demand and cost functions:

diii=D n n; “l s T ) T 19
110 = D1s1i (X2, 515 + Xi21 825 P1i”° [jzi pajmatme = [1;2, pojmatnz= g4 (8) (19)

a—1 B B
d12i = Dysq; (Z;lil sy + PN Szj) pyi~8 [1j2ipqjmatnet H;Zl P22t gy (t) (20)

- n n; “l s T T ) AT
d21i—Dlszi(2j=151j+2i=152j) P2i " [l 2tz [1; 1 pyjmrtnz= g4 (8) (2D

a—1 B B
dy2i = D35Sy, (Z;lil sy + PN Szj) p2i~° [1j2ipzjm14m21 H;lil pyjm1tnzt go(t) (22)

where

t
l-— if 1<T,(1-6)
gn=1 T, R

6 otherwise 23)

t
l-— if t<T,(1-6,)
&M=y Ty A
0, otherwise (24)



and

c,(s,) =cy +a,5,” V i ofcountry1 (25)
C,.(8,)=cy +a,s,”> Vi ofcountry?2 (26)

where O<o<1, >1, >0, 0< 6, <1, 0< 0, <1, p;>1, p>1, and Dy, Dy, Ty, Toa, Co1. Co2 and a; and a, are

positive constants.

Demand functions (19)-(24) represent that demands in the two countries may differ in level, D, and D,,

and long term residual demand, 0; and 0,, and the time it takes for the demands to drop to the residuals,

T,,(1-6,) and T,(1—86,) . Otherwise, all products are treated similarly by domestic and foreign

consumers. And the consumers in the two country have the same price elasticity and cross-price

elasticity, and preference for variety, as represented by the common values of 8, 3, and «, respectively.

Based on the above assumed common price elasticity, it is easy to derive that all creators set a common

price for their products in maximizing their individual profits:

9
Pii =P2j =P =5;b (27)

According to cost functions (25) and (26), creators of each country have identical creative costs but may
have different creative costs from those of the other country. Possible sources of such cross-country cost

difference can be technological and/or regulatory.

Given the identical cost functions within one country, it can be derived that all creators of one country

create the same number of first-copy products: s;; = s1; = 51 and $y; = S = S.

We are to solve the model for price p, sizes of creators, s; and s,, number of creators n; and n,, total
number of first-copy products S, duration of copyright T, and T,, and consumer surpluses cs; and cs,, and
total surplus w. Given the above demand and cost functions, analytical solutions are not found. Numerical
solutions can be computed given specific values for the parameters in the functions. Some details of the

mathematical steps leading to numerical solutions are given in the appendix.

Assume the following parameter values:

[Dlr DZI ar 61 Br br TOlr TOZI ell eZI V' COlI COZ.Iall aZr plr pZ] =
[10” 9%¥10°0.3 2 0.5 5 100 100 0.001 0.001 0.05 3*10° 3*10°10" 10* 1.2 1.2 ] (28)



The following numerical solution is computed:

T,

T,

S1

S2

CSq

CSy

64

64

9627

$1.2B

$1.2B

The optimality of the solution is shown in the figure 1. The parameter values represent that consumers of
country one has higher level of demand for information goods than those of country two; and the two
countries are otherwise the same in consumer demand and creative technology. Given the above
parameters, the copyright duration will be 9 years in country one and 5 years in country two; creators in
both countries will each create 64 original products; the total number of first-copy products will be 9627;
and consumer surplus for both countries will be $1.2 billion. The equality of the welfare of the two

countries may be surprising and will be commented below.

Most interestingly, the bigger country chooses a longer copyright protection. The longer duration in a
bigger country is further shown in Figure 2 and 3. Figure 2 are obtained by changing the parameter D,
while fixing D, at 107 and the other parameters at the values listed in (28). D; reflects the level of
demand for information good in country one. When D; is bigger than D,, duration in country one is
longer than that in country two. As demand level of country one increases, copyright duration of the
country increases and that of the other country decreases. This will continue until copyright duration in
country one reaches a maximum of 14 years and that of country two reaches a minimum of zero.
Similarly, as demand of country one decreases, the copyright duration of the country decreases and that in
country two increases. This continues until the duration in country one reaches a minimum of zero and

that in country two reaches a maximum of 14.

In another word, the duration of a country increases but that of the other country decreases with consumer
demand of this country. This result is the opposite of result of the one country model in Yuan (2005). In
the one-country model, copyright duration decreases with the level of demand for information goods as
the net result of three individual effects: (a) a higher demand means that more information products
should be created and calls for longer protection to induce their creation; (b) a higher demand provides
higher profitability for creators during copyright protection and reduces the need for longer copyright
protection; (c) a higher demand increases deadweight losses of copyright protection and calls for shorter

protection. And the individual effects of (b) and (c) dominate the effect (a) in Yuan (2005).

Why does the duration of a country increase but that of the other country decrease with the consumer

demand in this country? And why does it differ from the result of the one-country model? An upward



movement in the demand for information goods in this country represents a net increase in creative
incentive for creators in the other country. It reduces the need for copyright protection to encourage
creation in the other country. Therefore, copyright duration in the other country decreases with demand
level in this country. The reduction in copyright duration in the other country, in turn, means a decrease in
incentive for creators of this country. The result is an additional individual effect for longer copyright
duration in this country. This new individual effect has tipped off the balance of the combined net effect

and the net effect now calls for longer duration in this country.

Figure 2 and 3 also show that consumer surpluses in both countries, number of first-copy product per
creator, and total number of first-copy products all increase with the level of demand in a country. Note
that the second graph of Figure 2 shows that welfare of the two countries are the same when the demand
level D, is within such interval that country two can respond by changing its copyright duration. In the
model, the country with lower level of demand does not necessarily have less power than the larger
country. When it can adjust its copyright duration, it will do so to get exactly the same welfare as the
larger country. When its duration reaches zero, it loses the ability to respond and obtains lower welfare

than the larger country.

Figure 4 and 5 show that, the more slowly the demand for information product dissipates over time, i.e.,
the longer the economic life of information goods in a country, as represented by larger Ty, or Ty, the

longer protection in the country and the shorter duration in the other country.

Figure 6, 7, 8, and 9 show that countries with higher fixed cost of creation and creative cost per product
tend to have longer duration of copyright. Figure 10 and 11 show that a country with severer
diseconomies of creation tends to have shorter duration of copyright. These results are consistent with

result of the one-country model in Yuan (2005).

Conclusion
We have developed and simulated a model of two countries trading information goods, each with an open

sector of creative industry, consumers of information goods, a copyright authority which sets copyright
policy to maximize its national welfare, while taking the other country’s copyright policy as given. The
model represents a non-cooperative competitive international copyright policy regime. The model shows
that countries with different demand for and creative cost of information goods generally prefer different
length of copyright protection. Therefore, the uniform international copyright system pursued by the U.S.

and other countries is different from the non-cooperative competitive regime modeled in the paper. The



foundation for a uniform international copyright system or international copyright harmonization must be

found from other models. These models are left for future research.
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Figure 9. Effect of Per-Product Creative Cost in Country 2
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Figure 11. Effect of Diseconomies of Creative Scale in Country 2
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Appendix: Mathematical Procedures Leading to Numerical Solution

Copy the demand functions of (19)-(22) from the section of Simulation Results:
_ n n, o\ s L § (LI e
di1; = D1sq; (Z,’:l s+ 224 52j) P1i° [jzi p1jmatme [1;2, pojmatnz=t g4 (8) (A1)
ny na a-1 -5 £ n; £
d12i = Dysy; (Zj:l s+ X2 Szj) P1i” " [jzi p1jmatme = [1;2, pajmatnz=t ga(t) (A2)
nq n, a-1 -5 _B ny _B
d1i = D18y (Zj:l syj+ X2 Szj) P2i° [ljwip2jmrtme =t [1; 2 prjmatne= g4 (8) (A3)

- n ny “l s T TN ) A
d22i_DZSZi(2j=1slj+Zi=1SZj) Da2i ° [jzipzjmtm2=t [1;2, pyjmatme g2 (8) (A4)

From pricing decision of (3) and (5), ? = 0 and Omai _ 0, one has:
Pii 0p2;
_ &
Pii =P2j =P =57b (A5)
Plug (A5) into (A1-A4), one has
d =D ny ny a-1 L6
110 = D151 (Zj:l syj+ 22 52j) p”~°g1(t) (A6)
d =D ny ny a-1 L6
12i = D28y (Zj:l S1j+ X2 52j p” g2 (t) (A7)
d =D ( ny n; a-1 B-6
21i = D153 Zj:l S1j+ X2 S2j p”~°g1(t) (AB)
d =D n na a1 pL-6
22i = D38y (Zj:l s+ 22 52j) p” "% g2(t) (A9)

Plug (A6-9) into profit function (1) and (2), one has
a-1
my; = [D1G(Ty) + D, G(Ty)]sy; (Z?il S1j + PN 52j) pP2(p—b)—ci(s;) =0  (AlO)
a-1
2; = [D1G(Ty) + DG (T3)]sy; (Z?il S1j + i, 52j) pP8(p—b)—cy(s;) =0  (AlD)
Where
T _
Gi(Ty) = [, g1 () e " dt (A12)
And

Go(T2) = Jy* g2 (D) 7" dt (A13)
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From the sizing decisions (4) and (6), (Z” = 0 and % = 0, and the marginal profit conditions (7) and
1i 2i
(8), my; = 0 and ,; = 0, one has:
c1(S14) c1(511) '
e 1)) = ; Al4
S1i + (a ) ijll 51j+zi=21 Saj 1 (Sll) ( )
c2(S2i) c2(521) '
—1) 22— . Al5
Sai + (a ) ijll 51j+zi=21 Saj C2 (SZL) ( )

From identical cost functions (25) and (26) and by symmetry in (A14) and (A15), one has s1; = s1; = 51
and sy; = Sy = 5,. Therefore, (A14) and (A15) can be written as:

1 a-1 _ c1'(s1)
S1 + niS1+n;s; c1(s1) (A16)
1 a-1 _ c; (s3)
S2 + Nn1511N;S; c2(s2) (A7)
(A10) and (A11) become:
[D1Gy(Ty) + D3 G, (Ty)]s1(nysy + nps,) pP~8(0 — b) — ¢y (s1) = 0 (A18)
[D; G, (Ty) + DGy (Ty)]s,(ny 51 + npsy) ¥ P2 (p— b) — c3(s5) = 0 (A19)

Demand functions (A5-9) become:

di1; = D151 (1181 + 125,)* *py~8pP gi (b) (A20)
dizi = Dps1(nys; +np5,)% 11 0pP g, (1) (A21)
dz1i = D1S2(nysy + nas3)* pa~PpP gi (1) (A22)
da2i = D252 (nyS1 + 1252)% 2P g2 (£) (A23)

Consumer surplus (9) an (10) become:

8+1_p—8+1

b—5+1 b~

cs; = Di(nys; + nzsz)aﬁpﬁcl(oo) = Di1(ny81 + np5p)% ——— pPGy(Ty) (A24)
p—6+1 p=8+1_p=8+1

csy = Dp(nys; + nzsz)aﬁpﬁcz(oo) —Dy(nysy + nzsz)aTPﬁGZ(Tz) (A25)

From (A16) an (A17):

a—-1 a-1
NSy +nyS, = oD T = ey 1 (A26)
c1(s1) s1 c2(s2) S2

Zero profit conditions (A18) and (A19) become:
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a—1
[D161<T1)+DZGZ(T2)]s1< o ) pP(p—b)—ci(s)) =0 (A27)

Cc1 (S])_i
c1(s1) $1

cp(sp) 1
c2(s2) s2

a-1
[D1G1(Ty) + D3G5 (T3)]s> (a—1> pP=8(p—b) —cy(sy) =0 (A28)

(A27-28) make s, and s, as functions of T and T,.

Consumer surpluses (A24-25) become:

a a
-1 —5+1 1 p—8+1_p—5+1
csy =D (clgl)_i) PﬁG1 () — Dy (Cl Zl) 1) 5_1; PﬁG1 (Ty) (A29)
c1(s1) $1 c1(s1) $1
a a
a—1 b~ S5+1 a—1 b—5+1 —6+1
csy =D, (Cz’“zLi) PBGz(OO) D, (CZ =N 1) 51 pP Gy (T2) (A20)
c2(s2) s2 c2(s2) s2

First order conditions are:

desy b T 6, o) — D)
dT, s P e *

C1’(51) _ i)ﬂz_l <C1"(51)C1(51) - Cl’2 L) 0s4

(1) s c12(s1) 512 a_Tl

b—5+1 —-5+1

' 1\ 4 e, e, 1\
-D, £ PP (a — 1)%(~a) (Cl (s1) _ _) (61 (spea(s)—¢ n ;) 9s1 Gy (T,) —

ci(s1) 51 c12(s1)
a
-1 b—5+1_ —-5+1 _
Dl <C1’Z‘1) 1> 5—11J pﬁgl(Tl)e =0 (A3D)
c1(s1) sy
dcs, p~o+1 " ,(s) 1\ e (s)ep(s) — ¢, 1\ 0s,
=D, PP Gy () (@ — D)*(~a) - 2 — |37
ar;, §—-1 c2(s2) s, c2%(s2) S2° ) 0T
-D b~8+1_p- ﬁ(a_ 1)%(— )(Czr(sz)_l)_a_l Czﬁ(sz)cz(sz)—cz,z +i aszG (T,) —
1 6-1 2? c2(s2) sz c22(s2) 522 232
a
-1 b—5+1
D, (L_J 51 P ga(T)e ™™ = 0 (A32)
c2(s2) s2

We need the derivatives of s; and s, to T and T,. Take derivate to T, on both sides of (A27):

a-1
[Dygs (e s | — X | pd(p—b) +
(s 1
c1(s1)  $1

[D1G(T1) + D2G (T )P =% (p — b) (@ — 1)** x
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’ - ' - " 2
cp(sp) 1 cp(s)) 1 c1 (s1)ci(s1) — ¢ 1 dsq
-— +s5:1(1—-a) -— > +—= |l
c1(s1) 51 c1(s1) 51 c1%(s1) S1 T,
' a
— (51)6_;1 =0 (A33)
Thus,
c '(s ) 1 =
dsy _[D191(T1)e_yT1]51<—C11(S;) —g) (A34)
E_ C’S 1-a C,S _aC”C—C 2 '
b [D1G1(T1)+Dsz(Tz)]A[(—Cll((Sll))—i) +51(1—a)<C11((511)) 511) < 1C121(51§ ’Siz>]—c1 (s1)
where
A=pP P —b)(a-1)*? (A35)
Similarly, take derivative to T, on both sides of (A28), one can find,
,( ) 1 1-—
9s; _ _[ngz(Tz)e_yTz]Sz(_Cczz(jj) —5) (A36)
a__ C' 1-a C’S _aC”C—C 2 ’
T2 [D161(T1)+DzGz(Tz)]A[(é—é) +52(1—05)(622((S;)) 512) < 262%(522) =S:2)]_Cz (s2)
Take derivative to T, on both sides of (A27),
. 1-a
_ cp(s)) 1
D,g,(T,)e ""2]A —-—
[D2g,(T,)e 1As, <c1(51) )
' 1-a ' - " 2
c1(s)) 1 c1(s)) 1 €1 61— 1 \]0s;
D,G(Ty) + D,G(T,)]A —-— + 1-— —-— —+t— || =
[D16(T1) 26(T>)] <Cl(51) S1 s1( 2 c1(s1) s c12(s1) 5,2 )| 0T,
0sq
' Z1_p A37
ACHER, (A37)
c '(s ) 1 =
% _ _[ngz(TZ)e_YTZ]ASI<C]i(S;) _g) (A38)
aT - C,S 1-a C,S _aC”C —C 2
o) ool )
Similarly,
c '(s ) 1 -
aSZ _ _[Dlgl(Tl)e_YTl]ASZ(CZZ(SZZ) _5) (A39)
E_ C’S 1-a C’S _aC”C—C 2
b DG enserl(ZE8-1) s a-o(288-2) (Lt ) o
In addition, from (A18) and (A19), one has
c1(s1) — C2(52) (A40)

S1 S2
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(A27), (A28), (A31), and (A32) are only equations of T, Ty, s;, and s,, given the derivatives in (A34),
(A36), (A38), and (A39). (A27), (A28), (A31), and (A32) are collected here as follows:

1-a

fir = A[D1G1(T1) + D,G(T2)]s1 (w - i) —¢1(51) =0 (A41)
c1(s1) 81
&'s)  1\1¢
fo = A[D,G(Ty) + DZGZ(TZ)]SZ( . ——) —cy(s,) =0 (A42)
C2(s2) 82
' —a—1 W 2
fo = Ej(—a) [ 2 ) _ 1\ (e’ Glat) —a R
R TCY I ey tar)am
4 —a—-1 " 2
_F(—a) <C1 (s1) i) ¢ (sal)-—a 1 %G .
' cai(s1) s c1%(sy) s;2 )Ty T
G0 _ 1\ " _
R (Z-5) ame =0 (A43)
4 -a—1 " 2
fo= B (282 1) (el ma | 1105
! ? c2(s2) sz c,2%(s3) 5,2 ] T,
4 —a—1 " 2
_Ey(=a) <cz (s2) _i) ez (52)c2(82) — ¢, N 1 %G )
’ c2(s2) 52 c52(s5) s,2]aT, 22
- Cz,(Sz)_l ¢ T, _
Fa (c2(sz> sz) 92(T)e™> =0 (A44)
Where
A= pF5p b)a - ) (as5)
_ b—5+1 ﬁ «
Ey = D1 p"Gi(0)(@—1) (A46)
_ b—5+1 ﬁ @
E; = Dy —— 1P Gy(0)(a — 1) (A47)
p—O+1_p,—8+1
F =Dy —pfa-1)° (A48)
—6+1_y=5

6-1

Newton’s Method requires derivatives of f},f,, f3, and f4 to sy, s,, T, and T.

d
i = A[D1G,(Ty) + D2 G5(T5)] <

C1'(51) 1 e
dsq

c1(s1) s
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c1'(s1) 1\ % ¢ "(s1)c1(s1)—c 2 1
+A[D1G1(Ty) + D, G, (T5)](1 — a)sy (ﬁ - ;) % t) A '(s1) (AS0)

ofy _
75, (A51)
af c !(s ) 1 1-a
1 _ 1 (81
—= = A[D,g,(Ty)e "1]s < — —)
Ty 19T ! c1(s1) 51

, 1 1—0:a
+A[D1G,(Ty) + D,G,(T,)] <% - ;) a_;i

, —a B 2
+A[D;G{(Ty) + D;G,(Ty)]s;(1 — ) <C1 (s1) _ l) <C1 (s1)c1(s1) — ¢4 1 >;};~i

c1(s1) 51 c12(s1) 512

d
—cy(s) 57 (A52)
af c !(S ) 1 1-a

1 — 1\°1
L = A[D,g,(Ty)e ™ ™]s <——_>
aT; 282(T2 ! c1(s1) s

, %5
+A[D;G1(Ty) + Dy Gy(T3)] <Z11((5511)) - g) G_’Z

' - " 2
HAIDL G (T) + DyGo(T)lsy (1 — o) (2 - 1) (2lalaluza , 1)on

51 c1%(s1) 2)ar, ¢ 1(s1) o, (A53)
ofs _
a5 (A54)
af c '(S ) 1 1-«a
2 2 2
22 — A[D,G1(Ty) + DyG (T)]<___>
0s, 141 26213 050G 5
¢z (s2) 1\ % cy 'c3—Cy 2 1 '
+A[D1G1(Ty) + DG (T,)]s2(1 — a) (cz(sz) - ;) ( 255 + 52_2) —c;'(s2) (A55)
! 1-a
b c(sp) 1
= A[D T. )e_'VTl]S < -
aT, 191(Ty 2 &Gy 5

, I\
+A[D;G1(Ty) + DyG5(T3)] <‘(;22 ((5522)) - g) a_;j

cy2 552

N % -0 1)\ F)
+A[D1G1(Ty) + D,G5(T,)]s2(1 — ) (Z—Zz - g) (M + )a—;j - Cz'a—;i (A56)
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9fa _

¢y (s2) 1 e
aT

A[D;g5(T2)e™"™]s, <C2 (s2) 2

' 1-a
+A[D1G,(Ty) + D,G,(T,)] <C2 (s2) _ i) 0s2

c2(s2) s, a_Tz
¢, 1 @ ¢y Cy—C 2 ds
FAIDL Gy (T) + DyGo(T)lsy (1 — @) (2 1) (L p D)2 522 (as7)

, ) " 2 2
afs cp(sp) 1 ¢ ¢ (sp)ci(s) — ¢ 1 0sq
2L (- (—a-1D) —— . — | =2
0sq c1(s1) 51 c12(s1) S1 Ty
’ —-a—1 " " ’ " " 2
VE (—) ¢ (sp) 1 1 C1+cg ' —2¢c, 04 ) €1 €1 —Cq 1 \0s;
GG s ¢2(s7) “ 3G 3 |t
’ - _1 ”n f2
¢ (s 1\ 7 (¢, (s1)ci(s1) — C 1\ 9%s
+E1(_a)<1(1>__> Gat)—a” 1) 0%
c1(s1) 51 c12(s1) 0T10s,

¢ 1 ma2 ¢, ¢c;—c¢ 2 1 ds
1 16—C 1
Fi(—a)(—a 1)<c 51> ( o2 +512> T, - G1(T1)

1

¢, 1 —et c;"ci+¢'cy = 2¢i ¢y ¢, ¢, —c 2 1 \0s
1 1 G 1 €1 1€ €1 Cp 1 1
—F(—a)| === ) —_2 G (T
1( )<c ) ( c12(s1) @ c13(s1) )(?T 1(T)

' —-a—-1 " 2
cp(s)) 1 ¢ (s1)ci(sy) — ¢ 1 az51
—F, (- - — — G4(T
1w (cl(sa s1> ( oGy si2)ames,
c1 (sy) 1 —a-1 ¢y c1—cC 2 1 _
R0 (2 -1) St D T)e (AS8)
% _ (A59)

ds,

af- S B R A A | 205 ds
s _ g (—ay- a_1)<___> <L+_> 05105,

oT, G S c12(s1) s:%) 0T, 0T,
-a—-1 " " ! " " 2
1 €4 1+’ —2¢¢4 ,€1 €4 — Cq 1 \ds,0s
+E; (= “) P 2 40 T3 N T4 3|37 a7,
€1 51 c12(s1) c13(s1) 0T, 0Ty
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’ —-a—-1 " " [T " 2
¢ 1 €4 1+ ¢ '—2¢c¢4 €1 €1 — Cq 1 \0s; ds;
-F(—a)|——— - 2c 2= |55
€1 51

+E,(~a) <21/(51) _ l)ﬂx_l <C1 ‘(sPei(sy) — ¢ 2 ) 9%s,

c1%(s1) 51_2 E)le

! —a— " ' 2
Fy(—a)( 1) cg 1 o« (o] C1—C12+ 1 (051>26 )
1 a a o S C12 512 073 1\41

' —a-1 " C ., 2
—F(—a) C_l_i €1 ¢te 6’ =266 ) €1 €L —C -2 1 Js,q
1(—a T TEn) ¢
1 1 1 1

2
c13(s1) K] a—n) G1(T1)

—F,(~a) <C1’(sl) _ i>_a_1 <C1”(51)C1(51) - C1’2 1 ) 0%s,

— | = G,(T
ci1(sy)) s c12(s1) 512 ) 9T,2 1(T1)
6D 1\ e GDab)—a”  1)os

— — 1\ = 1 1/C1\x1) — &1 051 VT
fl a)<01(51) 51> ( c1%(sy) 512>6T191(T1)e

512

' —a—1 " 2
€1 (Sl) 1) C1 €4 —C 1 aSl B
—F(—a -— —_—+ —g.1(T)e "N
i )<Cl(51) $1 c12(sy) 91(T)

(s 1Y , _ _
—h (:(:) ‘sl) [g:'(T)e "™ =y gy (T)e ™™ ]

(60)

' -a-2 " 2 2
LESY NG DY L R (. M I i
ar, e c

1 51 c12(s1) s12) 9T, dT,

c12(s1) 130 aT, 0T,

’ _a_l " " U " " !2
g 1 €1 ¢1+cq ¢’ —2¢1¢q €1 €1 —Cq 1 \0dsq 0s4
+E(—a)|——— -2 —
c S1

+E;(—a) <Cl!(sl) ! >_a_1 (cl ‘sDab)—a” 1 ) 9%s,

c(s) sy c12(s1) s1°

' —a—- " , 2
Faan(9 L) (aazal, 1) smos
1 a a ) ) C12 512 aTlaTZ 141

c12(s1) Loe3(sy)

—F,(—a) <C1l(51) _ 1 >_a_1 (clu(sl)cl(sl) - cl'2 1 ) 9%s,

ci(sy) s ¢12(s1) 512
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R (_ c(s) 1 —a-l (61”61—61'2 ) asy T
Fl( CZ) (01(51) 51) c12(s1) gl(T )e ! (A61)
0fs
as; (A62)
' —a-2 " 2 2
af4- _ Cy 1 Cy C; —Co 1 652
L paa-n(E-2) (B2 ) 22
0s2 €2 Sz c%(s2)  sp%) 0T,
FE,(—a) 1 T et 0 e — 265 c” e e — ey 10,
: 2 52 c2%(s7) 0 ,3(sy) 5,3 0T,
4 —a—-1 " 2 2
YE,(—a) <cz (s2) _ i) cy (52)c5(s2) — ¢ N 1) 9%,
? c2(s2) 52 52 (s5) s,2 | 0T,ds,
’ —-a-2 " 2 2
hea)a-n(2-L) (e (1) %, .,
2 S cy? 5,2 0T,
-a-1 " " ' " " 2
1 Cy C3+Cy ' —2¢5Cy ,Cy Co — Cy 1 \0ds,
~F. Z_— 2= 1105 .
: a)< €2 52) ( 2% (s2) 2730 5,3 ) 0T, 2(T2)
—-a—1 " 12
(&) (52) 1 Cy Cp —Cy 1 0252
—F (- T2 )3 G
2( ) <C2(52) 52 CZZ(SZ) aTZa 2( 2)
Q) 1\ e 0-0" | 1 T,
B (EE-) (TE ) g e (A63)
—-a-2 " 2 2
0fs 1 €2 02— C 1\ 0Js,0s;
o7, = B2(=a)(= a-1)(Z-= A e e
1 2 52 c2%(s2) s,%2 ) 0T, 0T,
! _a_l " " ! ! " " 72
i a2 l) (eeteeslec , acza 11050
2 Cy Sy CZZ(SZ) 2 C23(52) 523 aTl aTz
! -a-1 " 2 2
V(=) <C2 (s2) _ i) Cy (52)c5(s) — ¢y N 1) 9%,
’ c2(s2) sz c22(s2) S,2 ) 0T,0T;
—a= " 1. 2
haca-p(2-L) " (Fazal, L) i, o,
TR 2 S2 cp? s;2) 0T, 0T, 2
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—-a—1 " " ! " " 2
1 Cy Cy+Cy €' —2¢5 0y ,Cy C3 — Cy 1 \0s,0s,
—2— G2(T2)

—F —_— —_ _
2(= a)<cz S2 c2%(s2) “ 2 (s2) 0T, 0T,

(s 1 )1 (cz”<s2>cz<s2)—cz’2+ 1) s o n)

~Fa(=a) <Cz(52) S2 c22(s2) 0T,0Ty

' —-a—-1 " 2
—Fy(~a) (M _ l) (M + _) Z;Z g (Ty)e ¥ (A64)

c2(s2) S2 cz?
2

. —a-2 " 2
fy c; 1 “ Cy Cy — Cy 1\ Jds,0s,
= mcaca-n(2-0) ()

—-a-1 " " ! " " 2
1) (cz Cy+ ¢y ' —2¢5 ¢ ,Cy €y — Cy 1 >652 ds,

+E,(—a)| ——— —2¢) ———— —_—
2 )< C S c22(s7) 2 c23(s7) 0T, 0T,

FEy(—a) <C2/(52) _ i>_a_1 (Cz "(5)c3(s2) — ¢y 2 N i) 92s,

c2(s2) 5y c2%(s7) 6T22

r - - " ’ 2
Fy (—a) (- 1) 1\ %2 czcz—czz+1 aszaszG(T)
2\ manTa c;, Sy cy? s,2] 0T, T, > 2

c, 1 —et ¢, c, +¢,'c,'—2¢, ¢, c, Cy—C 2 1 \0ds,0s
2 2 C2 2 C2 2Ca ) 2 2082
—F(—a)| &2 —-— -2 —2 | =226 (T
2( )<cz 52> ( c52(s5) “ c;3(s,) 523>812612 2(T2)

Czy(Sz) _ i)ﬂz_l (Cz ”(Sz)cz(sz) —C ? + ) 5252 GZ(TZ)

c2(s2) s c2%(s2) aT. 2

—F(—a) <

’ —-a—1 " 2
c, (s 1 Cc, C; —C 1 \0s
—ZFZ(—a)< 2 ( 2)__) ( 2 C2 _ 2_ ) 2 (T,)e":

ca(s2) sy (&) 5,2 ) 0T, 92

F. (—Cz,(SZ) 1)_0‘ ' =YT2 -yT,
—F, —=) (g, (T)e ™ —yg,(T)e 1T) (A65)

c2(s2) S2

We need the second order derivatives of s; and s, to T; and T),.

0%sy
aT,?
o c; (sq) 1\ “ Ty c; (s1) 1\ “(c;'c;—c;” 1
—[Dyg1(Te™ "] (—Cll(sll) - a) A—[D19,(TDe "1](1 — a)s, (cll(sll) - a) <—1C112(Sl)1 + 51—2>A%
1-«a ' -a " _ 2 oT.
[D1G1(T1) + D,G,(T3)]A [(il ((5511)) 5_11> +s;(1—-a) (% - %) <% + s%g)] —¢;'(51) !
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1-a

. ~[D1(g:'(Ty) — vg:1(T1))e " "]s, (% - 5—11)
' 1-a ' -a l 2
[D1G1(T1) + D,G,(T,)]1A [(% - 5—11) +51(1—a) (% - %) <% + S%z)] —¢1'(s1)
1-a
i ~[D1g (T sy (S5 ((j)) 1) 4
1-a —-a " 2 2
{[chl (1)) + D6 (T)]A [(‘2 ab)_ 1) sa-o(2-1) (—CI o+ Sl%)] - cl'(sl)}
1-a , -
Digmema|(Ge-0) rsa-oliE =) (SRl e
+[D,G,(Ty) + Dsz(Tz)]A[H] aﬂ —C (51)2_;
0%s;
oT,0T,
' 1-a , _
1-a , —a o ﬁ
[D1G1(Ty) + D,G(T,))4 [(‘; at)_ 1) isa-o(2-1) (—Clcjlz G é)] O
1-a
i ~[D1g (T " i]sy (S5 ((j)) 1) 4
, 1-a —a " 2 2
{[D1G1(T1) + D,G,(T)]A [(i.ll ((511)) - %) +5:(1—a) (% - 5_11> <% + S%g)] - C1'(51)}
1 (s1) 1-a C1’(51) C1 C1—C1
[D29(T2)e A [(61(51) i) +51(1-a) (m B i) ( c12(s1) + S%)] (A67)
+[D161(Ty) + D, G5 (TIA[H] S22 — ¢y (sy) 22
Where

_ c;(sp) 1 - c; ¢ —cy 21
i =2(1—a)<c1(51) _§> ( c12(s1) +51_2>
¢'(s) 1 e ¢'er— o ? 1
- aeas (25 (T+_>

. - " C " 2
¢y (s1) 1 ¢y €1+cq €1'-2¢1 ¢4 1c1 C1—Cq1 1
et S - 2¢; -2 51_3 (A68)

c1(s1) S1 c1%(s1) c13(s1)

2

+s;(1 - ) (
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0%s,
aT,>

c,(sy) 1 1-a
—D, [g Z(TZ)‘?_VT2 - ng(Tz)e_yTz]SZ (ﬁ ~ g) A
1) i (s2) 1Y " [, —cz'2

[D1G1(Ty) + DyG,(T3)]A [<—2 - g) +s5,(1—a) (m - 5) <W + S%z)] A,

_ T, c/(s)_ll_a _ c'(s)_l_a ¢, ey — ¢y 1 dsy
N [D292(T2)e YT][(czz(SZZ) 52) t5:(1 a)(czz(s;) 52) < ZcZZZ(SZ)Z +522>]A8T§
, -a , Y 2
[D1G1(Ty) + D,G5(T,)]A [(% - %) +5s;(1—-a) (Z((SS:)) - %) <% + SZ%)] —¢3'(s2)

1-a
—[D29,(T)e™""]s, (CCZ ((52)) %) A
' 1-a -a " 2
{[chl(m +D,6,(T,)]A [(CC—ZZ -3} +s0-0(2E-1) (% + %)] - cz'(sz)}

2

, 1-a _
-YT; 2 _ 1 _ c(sy) 1 (Cz c2—Cy i)]
[D,9,(T;)e ""2]A [( 52) +s,(1-a) (Cz(Sz) Sz) 626, + 57 A
+[D161(Ty) + D,G,(T)1A] 52 — ¢, Z;Z

_ c;(sp,) 1 - c; cy—Cy 2
J=20-a) <C2(52) - g) ( c22(s7) * §>
2
c,(sy) 1 Tt c;'Cy — Cp 2
-0 (25 - ) <T+—)

) 1\ % e e —200 e “ 2 )

c; (s €y Ca+Cy C3'-2¢; ¢ 1C; C3—C

2 (S2 _) (z 21+C & 2C2 —2¢, 2 C2=C2 _25_3) (A70)
2

c2(52) S2 c2%(sz) c23(s2)

+s,(1 —a) (
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